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a b s t r a c t
By applying the triple form of Gould–Hsu inversions to the Pfaff–Saalschütz theorem,
a family of summation formulas on the Fox–Wright function, which implies several
known 3F2( 43 )-series identities due to Chen and Chu (2011) [20] and numerous new
hypergeometric series identities, is established.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
For a complex variable x and a natural number n, define the shifted-factorial by
(x)0 = 1 and (x)n = x(x+ 1) · · · (x+ n− 1) when n = 1, 2, . . . .
Following Bailey [1], the hypergeometric series can be defined by
1+rFs

a0, a1, · · · , ar






(a0)k(a1)k · · · (ar)k
k!(b1)k · · · (bs)k z
k
where {ai}i≥0 and {bj}j≥1 are complex parameters such that no zero factors appear in the denominators of the summand
on the right hand side. There are many interesting hypergeometric series identities in the literature. Thereinto, the famous




c, 1+ a+ b− c − n
1

= (c − a)n(c − b)n
(c)n(c − a− b)n . (1)
For all complex numbers x ≠ 0,−1,−2, . . . , define the gamma function(cf. [2, p. 3]) by





Then we have the following two relations:










which will frequently be used without indication in this paper.
∗ Corresponding author.
E-mail address: gongdianxuan@yahoo.com.cn (D. Gong).
0022-247X/$ – see front matter© 2012 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2012.03.008
C. Wei et al. / J. Math. Anal. Appl. 393 (2012) 316–327 317
Recall Fox–Wright function pΨq (cf. [3–5]; see also [6, p. 21]), which is defined by
pΨq

(α1, A1), · · · , (αp, Ap)








Γ (αi + Aik)
q
j=1
Γ (βj + Bjk)
zk
k!









Naturally, the domainwhere {Ai}i≥1 and {Bj}j≥1 take on values can be extended to the complex field and the upper coefficient
relation is ignored when the series is terminating.
The importance of the Fox–Wright function lies in that it can be applied to many fields. Miller and Moskowitz [7] gave
the applications of Fox–Wright function to the solution of algebraic trinomial equations and to a problem of information
theory. Mainardi and Pagnini [8] displayed that the Fox–Wright function plays an important role in finding the fundamental
solution of the fractional diffusion equation of distributed order in time. More applications of the function can be found
in the papers [9–15]. The following fact must be mentioned. Aomoto and Iguchi [16] introduced the quasi hypergeometric
function, which is exactly the multiple Fox–Wright function, and showed that it satisfies a system of difference-differential
equations.
For three complex variables x, y, z and six complex sequences {ak, bk, ck, dk, pk, qk}k≥0, define three polynomial
sequences by
φ(x; 0) ≡ 1 and φ(x;m) =
m−1
i=0
(ai + xbi), whenm = 1, 2, . . . ; (2)
ϕ(y; 0) ≡ 1 and ϕ(y; n) =
n−1
j=0
(cj + ydj), when n = 1, 2, . . . ; (3)
ψ(z; 0) ≡ 1 and ψ(z; s) =
s−1
k=0
(pk + zqk), when s = 1, 2, . . . . (4)
Then there is a celebrated pair of inverse series relations due to Gould and Hsu [17].



















φ(m; k+ 1) f (k).
In 1996, Krattenthaler [18] derived a summation formula on the Fox–Wright function by employing a general pair of
inverse series relations, which includes Lemma 1 and other several known inverse pairs, to a nonterminating form of (1).
In 2008, Chu and Wang [19] deduced several summation formulas of this type by employing an extension of Lemma 1 and
the duplicate form of Lemma 1 to (1). To our knowledge, there are no more papers which offer summation formulas on the
Fox–Wright function up to now.
According to the residues of k(mod 3), it is not difficult to write down the following triple form of Lemma 1.




















ck + (1+ 3k)dk









ak + (2+ 3k)bk
φ(n; k+ 1)ϕ(n; k+ 1)ψ(n; k+ 1)h(k) (5)
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φ(k; n)ϕ(k; n+ 1)ψ(k; n+ 1)Ω(k). (8)





Inspired by the importance of the Fox–Wright function, the applications of inversion techniques to summation formulas
on the Fox–Wright function and the work of Chen and Chu [20], we shall establish a family of summation formulas on
the Fox–Wright function, which implies several known and numerous new hypergeometric series identities, by employing
Lemma 2 to (1).
2. Inversion relations and summation formulas on the Fox–Wright function
Let b be a complex number and
Un = 31−n a+ bn− n3a+ 3bn− 2n
(1− 3a− 3bn+ n)n
(1− a− bn)n .
Then (1) can be specified as
3F2

−n/3, (1− n)/3, (2− n)/3
























Based on (9), we are ready to carry out several combinatorial evaluations.
2.1
Firstly, it is clear that (9) matches with (5) under the following specifications:
φ(x; n) := (1− a− bx)n, f (n) := (1/3)n(2/3)n,
ϕ(y; n) := (1+ a+ by− y)n, g(n) := 0,
ψ(z; n) := 1, h(n) := 0,
Ω(n) := Un.



























(1− a− bk)n(1+ a+ bk− k)n+1Ω(k). (12)






 −a− 3bk+ k
(1+ a+ bn− n)k(−a− bn)k+1
(1/3)k(2/3)k
a+ 3bk− k =
Un
a+ bn
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which is a special case of (5) with
φ(x; n) := (1+ a+ bx− x)n, f (n) := (1/3)n(2/3)na+ 3bn− n ,
ϕ(y; n) := 1, g(n) := 0,
ψ(z; n) := (−a− bz)n, h(n) := 0,
Ω(n) := Un
a+ bn .


















(1+ a+ bk− k)n(−a− bk)n+1Ω(k), (14)
where the result from (7) is identical with (11) and so has been omitted.








(1− a− bn)k(a+ bn− n)k+1
(1/3)k(2/3)k
a+ 3bk− 2k =
Un
a+ bn− n
which corresponds to (5) with
φ(x; n) := 1, f (n) := (1/3)n(2/3)n
a+ 3bn− 2n ,
ϕ(y; n) := (1− a− by)n, g(n) := 0,
ψ(z; n) := (a+ bz − z)n, h(n) := 0,
Ω(n) := Un
a+ bn− n .


















(1− a− bk)n+1(a+ bk− k)n+1Ω(k) (16)
where the result from (7) is identical with (11) and so has been omitted.
According to the definition of Fox–Wright function, (15), (10), (13), (11), (16), (14) and (12) can be expressed as the
following summation theorem.
Theorem 3 (Summation Formulas on Fox–Wright 2Ψ3-function).
2Ψ3

(a+ n, b− 1), (3a, 3b− 1)






3n! 27n , (17)
2Ψ3

(1+ a+ n, b− 1), (3a, 3b− 1)





3n! 27n , (18)
2Ψ3

(1+ a+ n, b− 1), (3a, 3b− 1)






3n! 27n ; (19)
2Ψ3

(1+ a+ n, b− 1), (3a, 3b− 1)






(1+ a+ n, b− 1), (3a, 3b− 1)
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2Ψ3

(1+ a+ n, b− 1), (3a, 3b− 1)






(2+ a+ n, b− 1), (3a, 3b− 1)





Let λ be a complex number. Splitting the factor
a+ 3bk− 2k = λ+ 3k
λ+ n (a+ bn− n+ k)+
a+ λ− bλ+ k
λ+ n (n− 3k),



















a+ b− 1+ 3bk− 2k
(1− a− bn)k(a+ bn− n)k+1
(λb− λ− a− k)(2/3)k(4/3)k
(a+ 3bk− 2k)(a+ b− 1+ 3bk− 2k)
= λ+ n
a+ bn− nUn
which fits into (5) under the following specifications:
φ(x; n) := (1− a− bx)n, f (n) := (λ+ 3n)(1/3)n(2/3)na+ 3bn− 2n ,
ϕ(y; n) := (a+ by− y)n, g(n) := (λb− λ− a− n)(2/3)n(4/3)n
(a+ 3bn− 2n)(a+ b− 1+ 3bn− 2n) ,
ψ(z; n) := 1, h(n) := 0,
Ω(n) := λ+ n
a+ bn− nUn.



























(1− a− bk)n(a+ bk− k)n+1Ω(k). (26)
Instead, the factor-splitting
λ+ n = (λ+ 3k)+ (n− 3k)






 −a− 3bk+ k
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which is a special case of (5) with
φ(x; n) := (1+ a+ bx− x)n, f (n) := (λ+ 3n)(1/3)n(2/3)na+ 3bn− n ,
ϕ(y; n) := 1, g(n) := (2/3)n(4/3)n,
ψ(z; n) := (−a− bz)n, h(n) := 0,
Ω(n) := λ+ n
a+ bnUn.


















(1+ a+ bk− k)n(−a− bk)n+1Ω(k) (28)
where the result from (8) is identical with (26) and so has been omitted.
Moreover, considering the factor-splitting
−a− 3bk+ k = λ+ 3k
λ+ n (−a− bn+ k)+
−a+ bλ+ k
λ+ n (n− 3k),








(−a− bn)k(a+ bn− n)k+1
(λ+ 3k)(1/3)k(2/3)k








 −a− b− 3bk+ k
(−a− bn)k+1(a+ bn− n)k+1
(−a+ bλ+ k)(2/3)k(4/3)k
(a+ 3bk− k)(a+ b+ 3bk− k)
= λ+ n
(a+ bn)(a+ bn− n)Un
which corresponds to (5) with
φ(x; n) := 1, f (n) := (λ+ 3n)(1/3)n(2/3)n
(a+ 3bn− n)(a+ 3bn− 2n) ,
ϕ(y; n) := (−a− by)n, g(n) := (−a+ bλ+ n)(2/3)n(4/3)n
(a+ 3bn− n)(a+ b+ 3bn− n) ,
ψ(z; n) := (a+ bz − z)n, h(n) := 0,
Ω(n) := λ+ n
(a+ bn)(a+ bn− n)Un.


















(−a− bk)n(a+ bk− k)n+1Ω(k), (30)
where the result from (8) is identical with (26) and so has been omitted.
By means of the definition of Fox–Wright function, (24), (29), (27), (25), (28), (30) and (26) can be expressed as the
following summation theorem with one additional parameter λ.
Theorem 4 (Summation Formulas on Fox–Wright 3Ψ4-function).
3Ψ4

(1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)






3n! 27n , (31)
3Ψ4

(1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)




(a+ 3bn− n)(a+ 3bn− 2n)
(−1)n
3n! 27n , (32)
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3Ψ4

(1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)






3n! 27n ; (33)
3Ψ4

(1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (λ, 1), (a− n, b), (1+ 3a, 3b− 2)
− 13

= bλ− λ− a− n
(a+ 3bn− 2n)(a+ b− 1+ 3bn− 2n)
(−1)n
3n! 27n , (34)
3Ψ4

(1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)





3n! 27n , (35)
3Ψ4

(1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (λ, 1), (1+ a− n, b), (1+ 3a, 3b− 2)
− 13

= bλ− a+ n
(a+ 3bn− n)(a+ b+ 3bn− n)
(−1)n
3n! 27n ; (36)
3Ψ4

(1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)




We point out that Theorem 3 is only the limiting case of Theorem 4. The concrete relations are displayed as follows:
λ→∞ : (31)⇒ (17),
λ = (a− n)/b : (33)⇒ (18),
λ = (a+ n)/(b− 1) : (32)⇒ (19),
λ = (a+ n)/(b− 1) : (34)⇒ (20),
λ = (a− n− 1)/b : (37)⇒ (21),
λ→∞ : (37)⇒ (22),
λ = (1+ a+ n)/(b− 1) : (37)⇒ (23).
By specifying the parameter λ in Theorem 4, we can deduce twenty-three summation formulas on Fox–Wright 2Ψ3-function
which are different from the ones of Theorem 3. The details are laid out as follows.
Taking λ = 3a/(3b− 2) in Theorem 4, we obtain the following identities.
Proposition 5 (Summation Formulas on Fox–Wright 2Ψ3-function).
2Ψ3

(a+ n, b− 1), (3a, 3b− 1)








(a+ n, b− 1), (3a, 3b− 1)









(1+ a+ n, b− 1), (3a, 3b− 1)
(1+ 3n,−1), (1+ a− n, b), (3a, 3b− 2)
− 13

= a+ 3bn− 2n





(a+ n, b− 1), (3a, 3b− 1)









(1+ a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (a− n, b), (3a, 3b− 2)
− 13






(1+ a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (1+ a− n, b), (3a, 3b− 2)
− 13

= 2a+ 3bn− 2n





(1+ a+ n, b− 1), (3a, 3b− 1)
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Setting λ = 3a/(3b− 1) in Theorem 4, we get the following identities.
Proposition 6 (Summation Formulas on Fox–Wright 2Ψ3-function).
2Ψ3

(a+ n, b− 1), (1+ 3a, 3b− 1)
(1+ 3n,−1), (a− n, b), (1+ 3a, 3b− 2)
− 13







(a+ n, b− 1), (1+ 3a, 3b− 1)









(1+ a+ n, b− 1), (1+ 3a, 3b− 1)








(a+ n, b− 1), (1+ 3a, 3b− 1)
(2+ 3n,−1), (a− n, b), (1+ 3a, 3b− 2)
− 13

= n− 2a− 3bn





(1+ a+ n, b− 1), (1+ 3a, 3b− 1)
(2+ 3n,−1), (a− n, b), (1+ 3a, 3b− 2)
− 13






(1+ a+ n, b− 1), (1+ 3a, 3b− 1)









(1+ a+ n, b− 1), (1+ 3a, 3b− 1)





λ = (a− n− 1)/b in (31),
λ→∞ in (32),
λ = (1+ a+ n)/(b− 1) in (33),
λ = (a− n− 1)/b in (34),
λ→∞ in (34),
λ = (a− n− 1)/b in (35),
λ = (1+ a+ n)/(b− 1) in (35),
λ→∞ in (36),
λ = (1+ a+ n)/(b− 1) in (36),
we achieve the following identities.
Proposition 7 (Summation Formulas on Fox–Wright 2Ψ3-function).
2Ψ3

(a+ n, b− 1), (3a, 3b− 1)
(1+ 3n,−1), (a− n− 1, b), (1+ 3a, 3b− 2)
− 13







(a+ n, b− 1), (3a, 3b− 1)









(2+ a+ n, b− 1), (3a, 3b− 1),
(1+ 3n,−1), (1+ a− n, b), (1+ 3a, 3b− 2)
− 13







(a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (a− n− 1, b), (1+ 3a, 3b− 2)
− 13

= 1− a− b− 2bn+ n





(a+ n, b− 1), (3a, 3b− 1)




(a+ 3bn− 2n)(a+ b− 1+ 3bn− 2n)
(−1)n
3n! 27n ,
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2Ψ3

(1+ a+ n, b− 1), (3a, 3b− 1)








(2+ a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (a− n, b), (1+ 3a, 3b− 2)
− 13






(1+ a+ n, b− 1), (3a, 3b− 1)









(2+ a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (1+ a− n, b), (1+ 3a, 3b− 2)
− 13

= a+ b+ 2bn− n
(a+ 3bn− n)(a+ b+ 3bn− n)
(−1)n
3n! 27n .
3. Decomposition relations and further development
In order to simply the expressions, we introduce the following notations:
H(δ)λ [u; v|n, a, b] = 3Ψ4

(1+ λ, 1), (u+ a+ n, b− 1), (3a, 3b− 1)




H(δ)λ,ω[u; v|n, a, b] = 4Ψ5

(1+ ω, 1), (1+ λ, 1), (u+ a+ n, b− 1), (3a, 3b− 1)




Then there hold the following ‘‘single’’ decomposition relations:
H(δ)λ,ω[u; v|n, a, b] = (ω + δ − 1+ 3n)H(δ)λ [u; v|n, a, b] − H(δ−1)λ [u; v|n, a, b]
= 1+ n+ ωb− a− v
b
H(δ)λ [u; v|n, a, b] +
1
b
H(δ)λ [u; v − 1|n, a, b]
= ωb− ω − u− a− n
b− 1 H
(δ)




λ [u+ 1; v|n, a, b]
and ‘‘double’’ decomposition relations:
H(δ)λ,ω[u; v|n, a, b] =
a+ u+ ω − bω + n
a+ b+ v − bv + bu+ 2bn− n− 1H
(δ)
λ [u; v − 1|n, a, b]
+ 1− a− v + bω + n
a+ b+ v − bv + bu+ 2bn− n− 1H
(δ)
λ [u+ 1; v|n, a, b]
= bω − ω − a− u− n
1+ u+ a+ bδ + 3bn− b− 2n− δH
(δ−1)
λ [u; v|n, a, b]
+ δ + ω + 3n− 1
1+ u+ a+ bδ + 3bn− b− 2n− δH
(δ)
λ [u+ 1; v|n, a, b]
= 1− v − a+ bω + n
v + a+ bδ + 3bn− δ − n− 1H
(δ−1)
λ [u; v|n, a, b]
+ δ + ω + 3n− 1
v + a+ bδ + 3bn− δ − n− 1H
(δ)
λ [u; v − 1|n, a, b].
Employing the decomposition relations just displayed to Theorem 4, we establish the following summation theorem with
two extra parameters ω and λ.
Theorem 8 (Summation Formulas on Fox–Wright 4Ψ5-function).
4Ψ5

(1+ ω, 1), (1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)
(1+ 3n,−1), (ω, 1), (λ, 1), (1+ a− n, b), (1+ 3a, 3b− 2)
− 13

= (ω + 3n)(λ+ 3n)





(1+ ω, 1), (1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)
(2+ 3n,−1), (ω, 1), (λ, 1), (a− n, b), (1+ 3a, 3b− 2)
− 13

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=

(1+ ω + 3n)(bλ− λ− a− n)








(1+ ω, 1), (1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)





(a− bω − n)(a− bλ− n)
(a+ 3bn− n)(a+ b+ 3bn− n) −
(a+ ω − bω + n)(a+ λ− bλ+ n)








(1+ ω, 1), (1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)





(a− bω − n)(a− bλ− n)








(1+ ω, 1), (1+ λ, 1), (a+ n, b− 1), (3a, 3b− 1)
(3+ 3n,−1), (ω, 1), (λ, 1), (a− n, b), (1+ 3a, 3b− 2)
− 13

= (a+ ω − bω + n)(a+ λ− bλ+ n)





(1+ ω, 1), (1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)








(1+ ω, 1), (1+ λ, 1), (1+ a+ n, b− 1), (3a, 3b− 1)
(3+ 3n,−1), (ω, 1), (λ, 1), (1+ a− n, b), (1+ 3a, 3b− 2)
− 13

= (a− bω − n)(a− bλ− n)
(a+ 3bn− n)(a+ b+ 3bn− n)(a+ 2b+ 3bn− n)
(−1)n
3n! 27n .
By specifying the parameters ω and λ in Theorem 8, several summation formulas on Fox–Wright 3Ψ4-function and 2Ψ3-
function, which are different from the ones before, can be given. And the method of founding Theorem 8 can be further
employed to derive summation formulas on Fox–Wright 5Ψ6-function.
All the summation formulas on Fox–Wright function that appear in this paper will reduce to hypergeometric series
identities when the parameter b is an integer. For example, the case b = 1 of Theorem 8 reads as
5F4
−3n, 1+ ω, 1+ λ, 3a2 , 1+ 3a2
ω, λ, 1+ 3a, 1+ a− n
43





−1− 3n, 1+ ω, 1+ λ, 3a2 , 1+ 3a2
ω, λ, 1+ 3a, a− n
43
 = 1+ ω + λ+ 6n−ωλ (2/3)n(4/3)n(1+ a)n(1− a)n ,
5F4
−1− 3n, 1+ ω, 1+ λ, 3a2 , 1+ 3a2





(1+ ω + 3n)(λ− a+ n)









−2− 3n, 1+ ω, 1+ λ, 3a2 , 1+ 3a2





(1+ a)n(1− a)n ,
5F4
−2− 3n, 1+ ω, 1+ λ, 3a2 , 1+ 3a2
ω, λ, 1+ 3a, 1+ a− n
43

= 2a(ω − a+ n)(λ− a+ n)
ωλ(a+ 2n)(1+ a+ 2n)(2+ a+ 2n)
(4/3)n(5/3)n
(1+ a)n(−a)n .





to Chen and Chu [20] and gain some new ones of the same type. Further, the case b = 2 of Theorem 4 can be displayed as
follows:
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9F8














































































(1+ ω + 3n)(λ− a− n)












































(a− 2ω − n)(a− 2λ− n)
(a+ 5n)(2+ a+ 5n) −
(a− ω + n)(a− λ+ n)
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= 2a(a− ω + n)(a− λ+ n)
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= 2a(a− 2ω − n)(a− 2λ− n)
ωλ(a+ 5n)(2+ a+ 5n)(4+ a+ 5n)
(4/3)n(5/3)n
(1+ a)n(−a)n .
With the change of b, numerous other hypergeometric series identities can be offered by Theorem8. Due to space limitations,
we shall not lay out more concrete equations.
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